In practical warranty services management, faults may not always be found in claimed items by 7 warranty service agents, which is the well-known no-fault-found phenomenon (for example, 8
Introduction

20
Product warranty is a contractual obligation incurred by a manufacturer (or retailer) 21 in connection with the sale of a product. It has become increasingly more important in 100 years. The European Union (EU) passed legislation requiring a two-year warranty for 26 all products sold in Europe (Murthy and Djamaludin, 2002) .
27
Warranty expense is one of the operating expenses for manufacturers. A product Although warranty only covers items that have failed, it has been noted that faults 34 may not always be found in claimed items, which is also referred to as no-fault-found operators (Ramsey, 2005) . The problem is not new, but many believe it is getting worse, 46 in part because today's highly complex products are equipped with more and more 47 electronic sensors, computers, control functions and wires (Ramsey, 2005) .
48
Our literature review shows, however, that the following assumption has been 49 imposed with no explanation in most of the existing research on warranty management: 51 claimed items are failed ones.
50
Fault can always be found in claimed items by warranty service agents. That is, all
52
Following the above assumption, research in the literature normally takes one of the 53 following two assumptions: (1) for repairable products, claimed items are returned to the 54 claimants after repair; or (2) for non-repairable products, new items are returned to the 55 claimants. Such assumptions may simplify the calculation process. However, as 56 mentioned above, in practice, fault might not always be found in claimed items, for which 57 two methods can therefore be used to handle warranty claims. (1) A new item is returned 58 to a claimant if fault is found in her claimed item, and (2) the original claimed item
59
(without any maintenance conducted on it) is returned to the claimant if no fault is found 60 in her claimed item. This will of course raise another question, which is the ability to 61 diagnose the real fault in the claimed items. It's widely accepted that reducing NFF has the potential for dramatic cost savings 73 across the industry, particularly in terms of additional spares, logistics, workshop time,
74
test equipment and training (Burchell, 2007 Return Policy 1 is quite simply. Return Policy 2 and Return Policy 3 are also illustrated This following derives the expected cost of each return policy. only the returns due to claim cause 2 is considered, according to (Block et al., 1985) , 
Comparison of the expected costs on special cases
309
The preceding section derived the expected costs of the three return policies. 
324
The following Lemma can be derived from Propositions 1, 2, and 3. of  1 and of the actual values of  2 and  3 , but depends on the ratio of  3 to  2 .
391
 From (c), it can also been seen that 2 ( ) < 3 ( ) if =0. As =0 indicates the 392 probability of correctly detecting claim cause 2 is 0, spending time and cost on claim 393 cause 2 is not necessary. 
Sensitivity analysis
395
The preceding section 3.2 investigates the roles of some parameters for special cases. In 396 this section, we conduct sensitivity analyses on different cost parameters without the 397 assumption of the exponential distributions.
398
It can easily come to the following results.
399
 The costs of all the three return policies are increasing in and .
400
 The costs of Return Policies 2 and 3 are increasing in 1 and 23 .
401
 The cost of Return Policy 1 is increasing in 32 , the costs of Return Policy 3 is 402 increasing in 2 .
403
As the major difference between the return policies lies in whether new items should be 404 sent to the claimants, we further analyse the impact of on the costs of return policies. In this section, we derive optimal warranty periods for the base warranty and the 414 extended warranty, respectively. The following derivation is needed in this subsection. 
440
where 0 (> 0) is the primary demand, and 1 (> 0) is the consumers' sensitivity to 441 warranty period.
442
The warranty provider's profit with Return Policy k is defined as
444 where = 1,2,3, 0 1 ( ) =sales revenue−purchasing cost−sales cost, and ( ) 1 ( )
445
is the cost incurred due to warranty period service. Then, combine both Eqs. (8) and (9), 446 we obtain In this paper, we consider the following pricing strategy:
472
Manufacturer negotiates with both retailers simultaneously considering their sales 473 cost and specifies the same wholesale price for both retailers.
474
One can then define warranty period dependent demand for retailer j as following 
490
where k=1,2,3, respectively. In the preceding sections, we assume that ( )( = 1,2,3) can be obtained, which is 
509
Time to successfully detecting the real cause is always positive; and it may become stochastically 510 shorter over time. The learning process is monotonic in the sense that the probability of correctly 511 detecting the real causes becomes larger with time. As such, a Gamma process can be used for 512 modelling the learning process in which the detection of the real causes is supposed to take place 513 gradually over time in a sequence of positive increments. In theory, a Gamma process {X(t), t ⩾ 0} has 514 the following three properties. 515
(1) The increment X(ti) − X(ti−1) for a given time interval Δ = ti − ti−1 follows the Gamma distribution, 516
(2) The increments for any set of disjoint time intervals are independent random variables having the 517 distributions described in property (1), and 518 (3) X(0) = 0 almost surely. 519
Let the probability density function of ( ) in conformity with the definition of the 
528
The above method has been used in reliability engineering to model the deterioration 
Conclusions
629
This paper considered the fact that product returns can be due to other factors in 630 addition to product failures. It proposed three warranty return policies, derived the 631 expected costs of the policies and a testing method, respectively. It then compared the 632 expected costs and derived optimal warranty periods under supply chain environments.
633
In estimating the number of warranty claims, traditionally, the renewal process is 634 applied in the scenario when claimed items are not repairable and the nonhomogeneous
635
Poisson process is used when the claimed items are repairable. This is the first paper that 636 used the renewal-reward process to estimate the number of warranty claims. It is noted 637 that this is the first paper that systematically studies and compares different solutions for 638 warranty claims with the no-fault-found phenomenon. The paper also offers alternates 639 for the industrialists to design different warrant policies.
640
Our future work will focus on developing new warranty policies. For example, if a 641 customer continually returns an item whose failure mechanism has not been detected 
699
The Y-axis represents the expected costs. 
